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Locally Implicit Total-Variation-Diminishing Schemes
on Unstructured Triangular Meshes

C. J. Hwang* and J. L. Liut
National Cheng Kung University, Tainan, Taiwan 70101, Republic of China

A numerical solution procedure that includes locally implicit total-variation-diminishing schemes and adap-
tive mesh generation techniques has been developed in this work. In a Cartesian coordinate system, the Euler
equations are solved by using a cell-centered finite volume algorithm. A new construction of symmetric
total-variation-diminishing schemes on unstructured triangular meshes is presented. The validation of the
present solution-adaptive methods is confirmed by comparison with related numerical results for inviscid flows
around an isolated NACA 0012 airfoil and passing through a channel with a circular arc bump in transonic and
supersonic flow regimes. To further prove the feasibility of this approach, a two-element airfoil flow is also
investigated. Furthermore, one unsteady transonic channel flow is studied to demonstrate the reliability and
capability of the present solution procedure for a time accurate calculation.

Introduction

I N recent years, considerable progress has been made in
computational aerodynamics. The use of triangular meshes

to solve the Euler equations over arbitrary geometries has
gained significant attention.1"4 Two major reasons for using
the unstructured triangular meshes are 1) flow regions with
complex geometries can be easily discretized; and 2) flow
features are simulated correctly on the appropriate distribu-
tion of grid points by solution-adaptive methods. In this work,
the unstructured triangular meshes are generated, and solu-
tion-adaptibility are obtained by the remeshing and refine-
ment techniques. !

Numerical methods for compressible inviscid flows fall into
three major classes: finite difference, finite volume, and finite
element methods. The main advantage of cell-centered finite
volume algorithms over finite difference and finite element
methods is that less effort is needed to treat singular points.
To achieve the solutions of internal and external flows, many
explicit and implicit algorithms have been presented to solve
the compressible Euler equations. On the unstructured meshes,
explicit four- or five-stage Runge-Kutta time integration has
been widely employed.2"4 This scheme is reliable and efficient
to implement for numerical calculations. On the unstructured
meshes, several fully implicit schemes have been developed.4"6

They are not bounded by stability limitations, and the solu-
tions are obtained by a large system of algebraic equations.
For the triangular meshes, Slack et al.4 used a reverse Cuthill-
McGee renumbering scheme as a preprocessor for LU decom-
position to reduce the requirements of storage and CPU time.
As mentioned in Ref. 5, Venkatakrishnan and Earth intro-
duced a Newton iteration and a minimum degree algorithm to
solve the sparse matrix. It is found that the time taken to order
the grid points by the minimum degree algorithm is less than
10% of the time required for the factorization. In order to
have the same level of implicitness for all polygonal cells,
Struijs et al.6 imposed a suitable sweep-pattern to renumber
the grid cells, and the point Gauss-Seidel relaxation was imple-
mented. Free of any matrix system solvers, a modified Gauss-
Seidel scheme has been proposed by Reddy and Jacocks7 to
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study steady solutions of inviscid airfoil flows on structured
quadrilateral meshes. The scheme is locally implicit but
globally explicit, and is unconditionally stable under local
linearization of analysis. As mentioned in Ref. 8, the scheme
has the following features: 1) computational efficiency to
minimize the arithmetic operations; 2) adaptability to compu-
tational domains consisting of either blocked or nonstructured
grids; 3) fast convergence; and 4) numerical reliability (i.e.,
robustness). Without renumbering the cells and using any
matrix system solvers, this kind of time integration technique
is extended for symmetric sweeps on unstructured triangular
meshes in the present paper.

Jameson and Mavriplis1'2 developed an explicit finite vol-
ume algorithm for cell-centered and nodal schemes to solve
the Euler equations on triangular meshes. These schemes con-
tain adaptive dissipation terms and have been found to give
good results for flows past a variety of configurations. It is
known that the dissipation model requires two coefficients
which are determined empirically. To avoid choice of those
two constants by user input, a total-variation-diminishing
(TVD) scheme is introduced in this paper. In structured
quadrilateral grid systems, Yee9'10 has modified and general-
ized Harten's second-order TVD scheme to explicit and im-
plicit non-MUSCL-type approaches for steady-state as well as
unsteady flow calculations. The advantages that symmetric
TVD schemes provide over upwind TVD schemes are 1) re-
duced computational effort, 2) a more natural way of extend-
ing the scheme to two- and three-dimensional problems, and
3) less sensitive to the boundary conditions treatment. These
features have been mentioned in related papers by Yee,
Marten, and Moon.9"11 In this paper, a new construction of

Fig. 1 Definition of unstructured triangular mesh for the cell-cen-
tered TVD scheme.
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Fig. 2 Flow passing through channel with 4% thick circular arc bump (Moo = 1.4): a) initial; b) final meshes.

symmetric TVD schemes on unstructured triangular meshes in
a Cartesian coordinate system is developed and applied to
two-dimensional steady and unsteady flow calculations.

The purpose of this work is to create and demonstrate a
numerical solution procedure for studying two-dimensional
compressible in viscid flows. The procedure includes 1) cell-
centered, finite volume, symmetric TVD formulation on a
triangular mesh, 2) adaptive mesh generation, and 3) locally
implicit time integration. The Euler equations are solved on
unstructured triangular meshes. To evaluate the present ap-
proach, the inviscid flows passing through a channel with a
circular arc bump and around single- as well as two-element
airfoils are studied. Finally, the numerical method is applied
to a two-dimensional unsteady transonic flow for a channel
with time-varying back pressure. By comparing with the re-
lated numerical results, the present solution procedure is
proved to be accurate, reliable, and suitable for the flows with
complex phenomena or geometries.

Governing Equations
By choosing the chord length c and flow properties at inlet

or freestream stagnation condition as reference variables, the
two-dimensional unsteady continuity, momentum and energy
equations are written in nondimensional form for the Carte-
sian coordinate system as follows:

8U dE 8G (i)

where
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The unknown variables p,u,v, and e represent the gas density,
velocity components in x,y directions and total energy per unit
volume. In this paper, the working fluid is air, and it is
assumed to be perfect. That is, the pressure P is given by the
equation of state

(2)

where 7 is the ratio of specific heats and typically taken as 1.4
for air.

Numerical Algorithm
The governing equations in Eq. (1) can be rewritten as

(3)

where F represents the convective flux vector. By integrating
Eq. (3) over space and using the Gauss theorem, the following
expression is obtained:

- \\ UdA F • d/ = 0 (4)

where d/ = n d/, and n is the unit normal vector in the outward
direction. The variable Q is the domain of computation and dfi
the boundary of the domain. A two-parameter family of TVD
schemes for each triangular cell / (Fig. 1) can be written as

Un+l - U"

P VA/A p -url) (5)

where 0 < 6 < 1 and - Vi < /5 < Vi. This two-parameter fam-
ily of TVD schemes consists of implicit (6 ̂  0) as well as
explicit (6 = 0) schemes. In this paper, we choose 6 - 1 and
/3 = 0 for steady-state flow calculations that are first-order
accurate in time. For unsteady computations, 0 = 1 and /3 = Vi
are used and the scheme becomes second-order accurate in
time. Choosing the parameter 6 equal to one, the CFL-like
(Courant-Friedrichs-Lewy) restriction for TVD sufficient con-
ditions related to time is eliminated, and the schemes are
unconditionally TVD.9 It may be noted that Eq. (5) is TVD for
the "locally frozen" constant coefficient system, and then
applied in a scalar form to each characteristic field. The
matrix Rik is the eigenvector of the Jacobian matrix [(d/7/
dU) • dl]ik on the interface between cell / and cell k, and Rik

l is
the inverse matrix of Rik. The numerical flux function Q{ in
Eq. (5) for non-MUSCL-type symmetric TVD schemes in a
Cartesian coordinate system is expressed as

(6)

where Rik is evaluated by Roe's average, and $ik is defined as

(7)

The matrix Ace/* has the elements of Rj~k (Uk - £//), and A/* are
eigenvalues of matrix [(dF/dU) - dl]lk. The function ^ is de-
fined as

\z\
e2)/2e

if k l >e;
otherwise (8)
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Fig. 3 Mach number distributions for inviscid flow passing through
channel with 4% thick circular arc bump (Moo = 1.4).
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where ty(z) in Eq. (8) is an entropy correction to Iz I , and e is
a small positive parameter. The "limiter" function Aa# can be
expressed as

(9)

where Aa£ = Rj;l(UL* - Uik), Act* = R*l(Uik - UL), andL
is the index of A, B, or C. For instance, L = A for k = 1
is shown in Fig. 1. The value of the minmod function is equal
to the smallest number in absolute value if the list of argu-
ments is of the same sign, or is equal to zero if any arguments
are of opposite sign. The use of a limiter reduced the order of
accuracy of the interpolation to first-order near regions of
large gradients in order to suppress oscillations near disconti-
nuities, while maintaining second-order accuracy in smooth
regions. In this paper, the interpolation is accomplished by
choosing the properties at cell center and nodal points shown
in Fig. 1. At the nodes, the properties are obtained by the
area-weighting rule. For example, the quantity UA* (Fig. 1)
can be written as

(10)

By using the Taylor series expansion for the temporal differ-
ence, Eq. (5) is linearized and can be constructed in the delta
form as follows:

L/(AC/) = Res? = -- 1

NEAR AIRFOIL MESH ( NONADAPTIVE : 4720 ELEMENTS )

NEAR AIRFOIL MESH ( ADAPTIVE : 7369 ELEMENTS

where

and

CK,= 2(1 + 0) ,L = 1,2,3

To solve Eq. (11), a modified Gauss-Seidel scheme is em-
ployed. This algorithm is based on two relaxation procedures
for solving time-dependent partial differential equations.7 The
scheme is locally implicit, but globally explicit and is uncondi-
tionally stable under local linearized analysis.8 It does not
require the assembly of any global matrices and does not need
any matrix system solvers. In this paper, the technique is

a)

YEE
NONADAPTIVE
ADAPTIVE

-0.2 0.0

=0.05

Fig. 4 Partial view of meshes for the NACA 0012 airfoil: a) non-
adaptive; b) adaptive.

Fig. 5 Inviscid flow over the NACA 0012 airfoil (Moo = 0.8,
a= 1.25 deg): a) pressure coefficient distribution; b) Mach number
contours.
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Fig. 6 Convergence history for inviscid flow over the NACA 0012
airfoil (M* = 0.8, a = 1.25 deg).

extended to unstructured triangular meshes. The calculation
for a symmetric cycle of inner iterative corrections is per-
formed by starting at the first element and sweeping to the
latest element followed by an opposite sweep. Thus, for each
cell /, the equations are written as

= Resf - Li(AU) (12)

(13)

where matrix C is approximated as a diagonal matrix, which is
derived from a modification to the coefficient matrix CI.

(14)CFL /

where / = Diag[l, 1, 1, 1] and CFL is the Courant-Friedrichs-
Lewy number. The variable AC/shown on the right-hand side
of Eq. (12) takes the latest available values from Eq. (13). It
may be noted that the dissipation terms shown in matrix CI
have not been introduced in Eq. (14). This kind of treatment
does not affect the solutions of steady and unsteady flows.
The inner iteration for At//m + ° can be computed rapidly since
the correction dUj is obtained from explicit scalar equations.
One symmetric cycle of inner iterations is employed in each
time step for steady-state flows, while several cycles are per-
formed until a convergence state of A£//w + 1) is reached for
unsteady flow calculations. At the end of a time step, the outer
relaxation is introduced

Url = Uf1 + WoutAC// (15)

By incorporating a smoothing process to AU implicitly, the
iterative process can be made more robust, and convergence
to the steady-state solution is speeded up by allowing over-
relaxation.8 In the present work, the smoothing term L/(A(7),
that is expressed as an undivided Laplacian operator and added
to Lj(AU) in Eq. (11), is given as

Ar- 1

and a diagonal matrix C is added to C in Eq. (14),

i ) (16)

(17)

The quantity fc, shown in Eqs. (16) and (17), is the spectral
radius of Mik and is expressed as follows:

(18)

where V is the velocity vector and a is the sonic speed. The
coefficients win and wout in Eqs. (13) and (15) are inner and
outer relaxation parameters of the order 1.2 (over-relaxation),
while wout in Eq. (15) is chosen as 1.0 for unsteady flow
computation. The coefficient wimp in Eqs. (16) and (17) is an
implicit smoothing parameter of the order 0.1. It may be
noted that the implicit smoothing terms do not affect the
solution in the steady-state since the residual terms are not
altered.

Boundary Conditions
At the body or wall surface, a no-penetration condition is

imposed for the inviscid flow. The pressure is estimated by
using x- and y -momentum equations. This value is obtained
by the following equation1:

(19)

where £ and 17 represent the coordinate lines aligned and
normal to the boundary. For the meshes with smooth distribu-
tion of regular triangles, the wall pressure is well predicted by
using this equation. When the skew meshes are distributed on
the body surface, the even-odd oscillations may happen. As
mentioned in Ref . 2, the combination of a strong formulation
(setting the velocities tangential to the wall and the fluxes
through the wall are also set to zero) and the increased connec-
tivity of the triangular meshes inhibit even-odd decoupling of

NEAR AIRFOILS MESH ( NONADAPTIVE : 4522 ELEMENTS

NEAR AIRFOILS MESH ( ADAPTIVE : 4992 ELEMENTS

Fig. 7 Partial view of a) nonadaptive and b) adaptive meshes for
inviscid flow over staggered biplane (A/<» = 0.7, a = 0.0 deg).
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Fig. 8 Pressure coefficient distributions of a) upper and b) lower
airfoils for inviscid flow over staggered biplane (Moo = 0.7, a = 0.0
cleg).

the solution, and a numerical treatment of artificial dissipa-
tion terms on the boundary nodes is also described. It is well
known that no dissipation is performed on boundary points
for cell center scheme. To reduce the numerical oscillations on
body surface, a small value of dissipation is required. In this
work, the modified form of Eq. (19) is expressed as

- Dart) - - Dtvd) (20)

where Dart and Dtvd are nonlinear fourth-order artificial dis-
sipation and TVD flux correction terms for pressure, respec-
tively. The mathematical forms ofDart and Dtvd were described
in Refs. 1 and 9. In this paper, the Eq. (20) is performed only
for the single and two-element airfoils flows after meshes are
refined. For the supersonic flows, the freestream conditions
are specified at the inflow boundary, and zero-order space
extrapolation is applied on the exit plane. For the subsonic
flow, one-dimensional characteristics are used to treat the
upstream and downstream conditions. About the unsteady
channel flow, the back pressure is imposed as a function of
time.

Adaptive Mesh Generation Techniques
To achieve the adaptive solutions, various grid adaption

methods, such as mesh refinement2'12'14 and remeshing,15 have
been developed. In the present work, the refinement14 and
remeshing techniques are used for steady flow problems. The
grid generation processes for triangular meshes include mainly
1) a two-step strategy for distribution of nodes, and 2) triangu-
lation according to the already distributed interior and
boundary nodes. In this work, two steps are employed to
decide the distribution of nodes. In the first step, the idea of
front16 is used to obtain the positions of nodes. After the
rough distribution of nodes has been set up, the second step is
introduced. In this step, six candidate nodes surrounding the
given node / are generated by equal distribution on the perime-
ter of circle with radius £/, where the node spacing 6/ is pro-
vided by the flow solutions on the background mesh. The
indicator for mesh regeneration is decided by the first differ-
ence of density. Based on the indicator on the background
grid, the triangular meshes are reconstructed. The detailed

Fig. 9 Pressure contours for inviscid flow over staggered biplane
(A/oo = 0.7, or = 0.0 deg).
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Fig. 10 Channel with a sinusoidal shape: a) uniform mesh; b) Mach
number contours for steady state flow (M& = 0.675).
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descriptions of the earlier adaptive mesh generation tech-
niques are given by Hwang et al.17 In the present paper, a
smoothing process16 is employed after triangulation, and it is
done by shifting each interior generated node to the center of
the surrounding polygon.

Results and Discussion
The approach described in the previous section is applied to

compute inviscid flows through different regimes (transonic
and supersonic flows). Comparing with the related data, the
present solution procedure is proved to be accurate and reli-
able for studying the steady-state and unsteady flows.
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Fig. 11 The sequence of Mach number contours for inviscid flow through channel with time-varying back pressure.
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Channel and Isolated Airfoil Flows
To evaluate the present solution procedure, inviscid flows

passing through a channel with a circular arc bump and
around a NACA 0012 airfoil are investigated. First, a channel
with 4% bump thickness ratio is considered. For a supersonic
flow (Moo = 1.4), the initial and final meshes and Mach num-
ber distributions are presented in Figs. 2 and 3. As shown
in Fig. 2b, the grid distribution clearly indicated the shock
location. Comparing the final mesh with that of Ref. 6, the
same complex shock structure is easily determined. In Ref. 6,
Struijs et al. developed an implicit upwind relaxation solver,
and the mesh is generated by the grid enrichment technique
based on the pressure or streamwise entropy gradients. From
the Mach number distributions shown in Fig. 3, the accurate
and high-resolution results are obtained. In this computation,
four times remeshing steps are used and the CFL number is
equal to 20.

After finishing the numerical study of internal flow, the
transonic How (M^ = 0.8) around an isolated NACA 0012
airfoil with angle of attack (a = 1.25 deg) is studied. By using
the mesh generation procedure described in the previous sec-
tion, the initial grid distribution is depicted in Fig. 4a. The
outer boundary is located at 20 chord lengths away from the
airfoil. By using mesh refinement in this calculation, a total of
7369 elements are employed (Fig. 4b). The finer cells appear
around the leading edge, trailing edge, and the shock regions,
which locate on upper and lower surfaces of airfoil. As shown
in Fig. 5, the pressure coefficient distributions and Mach
number contours exhibit a good comparison with Yee's TVD
results10 in which 249 x 41 quadrilateral points were used.
From the convergence history and normalized supersonic
points given in Fig. 6, the characteristics of the present solu-
tion algorithm are further understood. In this computation,
the CFL number is chosen as 10.

Two-Element Airfoil Flow
To demonstrate the ability of the present solution procedure

for computing flow passing through the complex geometry, a
two-element airfoil flow is investigated in this work. The
transonic flow considered here is a staggered biplane configu-
ration (Fig. 7a). The calculation is carried out for the lower
airfoil half chord apart from the upper airfoil. Although the
flow condition is subcritical for a single NACA 0012 airfoil at
Mach number equal to 0.7 and zero angle of attack, a shock
forms between the two airfoils. The strength of the shock is
dependent on the relative positions of the two airfoils. By
using the mesh refinement, a shock is obviously observed from
the grid distribution shown in Fig. 7b. The pressure coefficient
distributions for the individual airfoils are given in Fig. 8, and
pressure contours were indicated in Fig. 9. It is apparent that
a sharper shock is_ observed from the adaptive solution. Except
for the inner surfaces between the two airfoils, the pressure
distributions on the outer surfaces are similar to those of the
single airfoil.

Unsteady Transonic Channel Flow
To further understand the reliability and capability of the

present method for a time accurate calculation, one unsteady
two-dimensional channel flow is introduced. The channel con-
sists of a length of 2.0 and a width of 1.0, with a 10% thick
bump on the upper surface. The chord length of the bump is
identical to the channel width, and the geometrical shape has
a sinusoidal form given in Fig. lOa. The flow is considered
here with a steady-state exit pressure of Ps = 0.7369, which
corresponds to an inlet Mach number of M^ = 0.675 (Ref.
18). After the steady-state solution has been obtained, the
unsteadiness is introduced by varying the exit back pressure
according to

P = Ps + Pamp sin[co(f - t0)] (21)

where Pamp is the amplitude pressure equal to 0.12. In Eq.
(21), o>/2 is the nondimensional reduced frequency of the exit
pressure fluctuation equal to 0.396, and tQ is the reference time
level taken as zero in the present work. Based on the flux
vector splitting finite difference approach, this flow problem
was studied in Ref. 19, in which 60 x 14 quadrilateral cells
were employed. On the fixed mesh with 2644 triangles (Fig.
lOa), the unsteady phenomenon is investigated by using the
presently developed TVD scheme with a CFL number of 5.0.

Choosing the steady-state solution (Fig. lOb) as the initial
condition, the numerical results related to the oscillating back
pressure during the second cycle of motion (ut = 2ir to
ut = 4ir) are selected for discussion. The solutions of unsteady
sequences are displayed in Fig. 11. After finishing the first
cycle calculation at ut = (16/8)?r (Fig. lla), the back pressure
values repeat and begin to increase. The Mach number con-
tours at the neighborhood of the exit are pushed upstream. A
compression shock occurs at the lower wall, which occupies
the whole channel width and forms a choked flow (Figs. lib).
At co£ = (20/8)7r, the exit pressure has reached a maximum
value (Fig. lie), whereafter it starts to decrease. Since the
finite-rate propagation of the pressure disturbance signals, the
flow does not react instantaneously, and flow velocity contin-
ues to decrease. The lower wall shock still propagated up-
stream, but the maximum preshock Mach number decreases
rapidly as the shock moves upstream (Fig. lid). The shock at
the lower wall is pushed farther into the subsonic region of the
channel, and becomes weaker because of the decrease in up-
stream flow velocity. At the same time, the upper wall shock
also is moved upstream, although the steady-state exit pres-
sure is reached (Fig. lie). The flow is now subsonic through-
out the channel, and a small unsteady wave is still being
propagated upstream (Fig. 1 If). As the imposed pressure wave
train approaches the bump, the flow is accelerated to super-
sonic value at the upper wall. At time otf = (28/8)7r
(Fig. lig), the exit pressure has reached its minimum level.
The pressure at the outlet is now increasing, but the shock
steepens gradually. Simultaneously, the flow velocity increases
at the lower wall (Fig. 1 Ih). The second cycle (2?r to 4?r) is
finished when otf = (32/8)7r is reached. The same flow struc-
ture of shock (Fig. 1 li) builds itself up as seen at coJ = (16/8)7r,
whereafter the flow pattern will be repeated again.

Conclusions
The locally implicit, cell-centered, finite volume TVD

schemes for numerical integration of the Euler equations have
been developed on unstructured triangular meshes in a Carte-
sian coordinate system. To simulate the flow features in an
efficient and correct way, the remeshing and refinement tech-
niques are employed to create the solution-adaptive meshes.
For the transonic and supersonic flows, which include internal
flow passing through a channel with a circular arc bump and
external flow around a NACA 0012 airfoil, the accuracy,
reliability and convergence of the present solution procedure
are confirmed by comparing the computational results with
related data. To prove the feasibility of this approach, tran-
sonic flow around a two-element airfoil is investigated. For a
transonic channel with a time-varying back pressure, the Mach
number contours at time sequences are obtained, and those
results are almost consistent with physical behaviors, which
have been mentioned in Ref. 19. From the numerical experi-
ments in this work, the presently developed locally implicit
symmetric TVD schemes on unstructured triangular meshes
are shown to be accurate and suitable for studying two-dimen-
sional compressible inviscid steady and unsteady flows with
complex phenomena or geometries.
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